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This work presents the extension of two robust, adaptive estimators, both based on linear system theory, to the
nonlinear case of an accelerating spacecraft in its ascent phase. This scenario is complicated by nonlinear system
dynamics (due to the presence of the gravitational field and vehicle staglng) and a nonlinear measurement model
(consisting of line-of-sight range, azimuth, and elevation measurements). The first algorithm in our presentation is an
adaptive batch estimator (ABE) that utilizes the innovations process to estimate a piecewise constant acceleration
approximation to the real-system dynamics. The second algorithm is an iterative least-squares estimator (ILSE) that
models the system dynamics with the derivative of acceleration held constant. To account for gross modeling errors,
such as discontinuities encountered in the target’s acceleration profile due to its staging, a stochastic detector is
employed in the later estimator that allows the algorithm to be restarted in the event of divergence. In order to provide
a reasonable comparison for these two algonthms, both are impleniented in a realistic tracking scenario in which their
robustness is demonstrated. Although the simulation results demonstrate the feasibility of using either algonthm, the
accuracy of the iterative least-squares-algorithm is significantly better than that of the ABE.

Introduction

HE target tracking problem has received considerable at-

tention in the literature, with Refs. 1 and 2 prov1dmg excel-
lent summaries. The estimation algorithms presented in this
work represent an extension to these developments in that non-
linearities are addressed in both the measurement model and
the system dynamics in the absence of a priori information
regarding the maneuver of the target. ;

In our earlier papers,*-* we presented a combined extended
Kalman filter (EKF) and an adaptive batch estimator (ABC)
for estimating the states of an accelerating spacecraft. In these
works, we extended the two-dimensional linear theory devel-
oped by Ref. 6 to the three-dimensional case consisting of
nonlinear system dynamics and ‘@ nonlinear measurement
model. In this paper, we summarize the theoretical develop-
ments presented in Refs. 3 and 4 and developed an ILSE for
comparison purposes. These two algorithms were chosen for
this comparison because they apeared to have the greatest

potential for robust behavior with respect to the engagement
and tracking parameters. This robustness is a key performance
criterion in evaluating tracking algorithms. Performance re-
sults between the ABE and ILSE algorithms are demonstrated
via Monte Carlo simulation.

The estimation problem that we are considering is illustrated
in Fig. 1. A fixed observer measures line-of-sight (LOS) az-
imuth, elevation, and range to a constant thrust spacecraft as-
cending into orbit. This spacecraft also stages during tracking,
resulting in a discontinuity in the acceleration profile as de-
picted in Fig. 2. Considering this as a parameter estimation
problem, we are confronted with three complications:

1) The nonlinear system dynamics, due to both the inverse-
square law gravitational field and the nominal acceleration
profile.

2) The nonlinear measurements, consisting of transcenden-
tal functions of Cartesian coordinates.

3) The discontinuities in the acceleration proﬁle due to
staging.
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Examples of previous efforts in tracking maneuvering targets
haveé demonstrated successful implementations of Kalman
filters with acceleration states in the linear realm (e.g., Ref. 7).
These generally function under the assumption of constant ap-
plied acceleration and, in the event that the modeled and true
target dynamics are not consistent, include process noise to
account for the modeling errors. Unfortunately, this requires a
priori statistical information regarding the maneuver of the
tracked object.

Algorithms such as the EKF and Gaussian second-order
filter (GSOF) address the nonlinearities of the measurement
and target dynamics models by utilizing Taylor series expan-
sions of the governing equations. These too, however, often
require process noise to compensate for modeling errors, ap-
proximations, and system discontinuities, thus increasing the
dependence of tracking performance on a priori information.

The estimators presented in this paper do not rely on a priori
process noise and therefore do not require “tuning” (adjusting
of the process noise) for specific applications. We feel that this
robustness lends itself well to applications in which autonomy
is required. _

In the following sections, we present the model formulation,
adaptive batch estimator, iterative least-squares estimator, sim-
ulation results, and finally our conclusions.

Model Formulation

Platform Dynamics Model

Following the definitions in Refs. 35, we assume that the
spacecraft dynamics are given by

dx/dt = flx) + bu) (1
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where flx) and b(u) are nonlinear terms due to gravity and
spacecraft thrust, respectively. The system state is defined as

x=[r7 vT (2)

which represents a composite position and velocity vector real:
ized in Earth-centered inertial (ECI) coordinates, with [—]7
denoting the vector transpose operation. The ballistic dynamics
are given by

fx) =7 — @Y, =] 3)

where u is the gravitational parameter (u = 3.986005 X
10'* m3/s?).

The target in our example is flying in an exoatmospheric
regime on a gravity turh. Physically, this means that the target-
state vector is being propagated in the absence of aerodynamic
lift and drag and that the trust vector is oriented along the
Earth-relative velocity vector. Thus, the unit ECI orientation
vector of the applied acceleration is given by

d=[v—(r x0)|/}v — (r x 0)] 4

where o is the Earth rotation rate vector (oriented along the
ECI 7 axis, where |o| =7.292115 x 10~ rad/s). The applied
acceleration is therefore

T

= d
4 = T — 1) /(gol,y)

(5)

where T is the constant thrust magnitude of the current stage,
my is the initial mass of the vehicle at staging (or at launch)
corresponding to time #,, g, is the sea-level acceleration due to
gravity, and I, is the specific impulse of the stage. The time
history of the magnitude of u for our example is depicted in
Fig. 2.

Consistent with intuition, it follows that

b(u) = [ﬂu (6)

where 0,, and I, are the # X n zero and identity matrices, respec-
tively.

Measurement Model

The LOS measurements consist of azimuth, elevation, and
range based in sensor-centered local level (LL) coordinates.
The LL coordinate system is assumed to be a relative coordi-
nate system with the x, y; and z dxes oriented in the directions
of east, north, and up, respectively. Azimuth is measired in the
x-y plane clockwise from north and elevation is measured up
from the x-y plane.

In discrete form, the measurement at time ¢, is modeled as

Z = hp) + Wy, R, = Elw, w, ] Q)]
where w, is an uncorrelated, additive, white, zero-mean, Gaus-
sian noise vector of covariance Ry, k is the measurement func-
tion, and p, is the LL relative-position vector (spacecraft to
sensor platform). The LL relative-position vector is given by

pe=Ip1 p2 pslT=Plri —s) (8
where s, is the ECI sensor-state vector and P the ECI-to-LL

transformation matrix. This coordinate transformation is
defined as

—sing cos¢ 0
P =| —cos¢ sindA —sing sind cosi 9)
cos¢ cosid sing cosA  sind
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Fig. 3 Adaptive batch estimator mechanization.

where A and ¢ are the latitude and inertial longitude of the
sensor platform, respectively. The measurement function 4 is
given by

R tan~'(p,/p,)
W) =0 | sin™'(ps/p) (10)
o ll’kl
where o is the azimuth, J the elevation, and p the range.

Adaptive Batch Estimator

The scheme employed by the ABE involves propagating the
state vector and error-covariance matrix under the assumption
of zero applied acceleration across a given time interval con-
sisting of m measurements. This time interval is hereafter re-
ferred to as the “ABE window.” In the event that the tracked
vehicle has an applied acceleration, the innovations sequence
produced by EKF updates will be divergent across the ABE
window. When this occurs, the sequence of innovations vectors
is then placed in a least-squares batch estimator and an update
is performed on the state vector and error-covariance matrix.
This updated state then becomes the initial state for the next
ABE window and the process is repeated until the end of track
(see Fig. 3).
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In order to understand the assumptions behind the ABE
design, we must first consider a simple linear example and then
extend it to the nonlinear case. For a linear system defined by
the composite position and velocity vector of Eq. (2) that is
propagating at a constant velocity from time #;, to 7, ;, we
note that the position and velocity vectors are given by

r(t .+ 1)|u=o="(’k) +v(t)T (11a)
v(tk+l)|u=0= v(t,) (11b)

where the subscripted notation ¥ = 0 denotes propagation un-
der the assumption of no applied acceleration, and

T=ley1— I (12)
If a maneuver of constant acceleration u were to begin at time

t., it is obvious that propagating the same state vectors r(t;)
and v(z,) to time ¢, ., would be done according to

r(tk+l)|u=const =r(tk) +V(tk)r +"Tz/2 (13&)
v(tk + I)Iu = const = v(tk) +ut (13b)
where the subscripted notation u = const denotes propagation

in the presence of applied constant acceleration. From this, it
is clear that

x(tk)‘u=consl = x(zk)lu=0 (14)

and thus we are able to conclude that

x(’k+1)lu=const=x(’k+1)lu=0+rkl‘ (15)
where
2121
rk=[3 ./2_3] (16)
1l

In order to extend this to the nonlinear case, we begin by
directly integrating Eq. (1), under the assumption of no applied
acceleration, which yields

e 41
x(ty 4 1)|u —o=x(t) + J Ax) de (17
Ik
Linearizing Eq. (17) leads to
Xt 1)|u =0 & (1) (18)

where @, is the linearized, discrete-time state transition matrix
given by the truncated Taylor series

O, =I+ Fir (19)

with F, being the Jacobian of the system dynamics [see Eq. (3)]

R T T I

If we consider a vehicle undergoing a constant applied accelera-
tion (as opposed to a constant applied thrust), we can make the
approximation

x(t 4 l)lu —const ® Qpx(t) + T (21)

by noting Egs. (15) and (16). Using Eq. (21) as the linearized
system dynamics equations forms the foundation for the ABE
in our application.

Since the ABE has no a priori information regarding the
vehicle’s acceleration profile, propagation of both the estimate
of the system state vector and the error-convariance matrix
across the ABE window is performed under the assumption of
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zero applied acceleration, or

o+
£ey Ilklu —0= Xm0t J Rx) dt (22a)
73
zk + 1k |u =0= (I)kzk|k|u= 0(1)13w (22b)

where it is understood that

’fk+ 1}k = E[xk + llzlaz29z3= LI ,zk]
(the expectation of x, , ; conditioned on the measurement set
{z;:j = Lk}).
The Kalman update is performed on the system state vector
and error-covariance matrix estimates by

i aperthmo=Frtlu—o+ Kerilze s — b D1 (233)
Zk+llk+1|u=0=[I—Kk+1Hk+1]Zk+llklu=0 (23b)
where
Per=1P b2 ﬁ3]=P[fk+1|k|u:0*5k+1] 24
the Kalman gains matrix is
Kk+l=2k+1|k‘u=0[Hk+1]T[Dk+l]_l (25)
and the innovations covariance matrix is
Dk+1=Hk+12k+l|k|u=0[Hk+1]T+Rk+l (26)
The measurement Jacobian matrix is determined by linearizing

Eq. (7) while noting Eq. (10) and the fact that A is LL-based
whereas x is ECI-based. Thus,

£2/P12 —b1/pe 0 X
Hy 1 =0h/0ox =|| —p,p3/(0120) —P203/(012D) 12/P |P |05
b1/p palp Pl
(27)
where

Pra=+/(0)* + (p)? and

If, at the beginning of the ABE window, it is assumed that

ﬁ=|ﬁk+1|

fk|k |u =0 = 'fldk lu = const (28)
[see Eq. (14)], then a least-squares minimization of
J =[0y —Wa|T Q! [y — Vi) (29)

with respect to # leads to an “optimal” solution of & (see Ref.
3). Here,

Zur1— BB 1) He o 1B 1 Gl
LA (Y] Hi 2B 2C 1 Tiin
0y = %3 —hPiy3) |» V= |Hes3Bes3Criolhrs
zk+m_h(ﬁk+m) Hk+mBk+ka+m71Fk+m
(30)
where
B;=Is— K;H,

C,=I,+®BC, , for i>k and Cp=I, (31)
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and

Q= Dy 5 (32)

The generalized least-squares estimate of # based on Eq. (29) is
4 =[Y7Q Y]~ ¥TQ- 15y (33)
In order to determine if an adaptive update should be per-

formed, a divergence test is necessary. Noting that the covari-
ance of & is ’

L={¥T Q' ¥]! (34)
we may define a chi-squared quantity in the form
x2=0aTL Y (35

such that when 2 is greater than some predetermined
threshold, the adaptive update is performed. In that event, the
adaptive updates for the state estimate and error-covariance
matrix are given by

'€k+m|k+m|u=const=fk+m'k+m’u=0+Mﬁ (3621)
Ek+mlk+miu=const=21(4—m]k+m|u=0-1'-Z‘JLﬁ/[T (36b)

where.
M=Bk+mck+m-l (37)

This summarizes the development and implementation of
the ABE. Next, we develop a polynomial-time ILSE.

Iterative Least-Squares Estimator
The scheme employed by the ILSE involves a given sequence
of m measurements from which we wish to seek a state-vector
estimate that corresponds to the mth measurement. A smooth-
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Fig. 4 Iterative least-squares estimator mechanization.
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ing process is repeated under some assumption of the system
dynamics until a desired degree of convergence is met (see Fig.
4). Because this algorithm is nonrecursive in nature, the process
must be repeated each time a new measurement is added to the
measurement set.

Presented next is a heuristic development of an ILSE (Refs.
8 and 9 provide excellent discussions of ILS theory). As we
begin, let us recall a few concepts from the previous two sec-
tions. Defining the estimate of the measurement vector to be

2 = h(py) (38)

we may expand this equation in a first-order Ta)}lor series to
obtain

ZA/( + 55/( - h(ﬁk) + Hkéfk + &

where g, represents any higher-order terms in 6£,. This, of
course, reduces to

0%, = H 0%, + & (39)
If we are given a sequence of m measurements,
{ZioZk— 15 - - %k —m+1)» and an initial estimate of x,,£%, the

problem then is to estimate the “best” 6%, to improve the
estimate

X, =x7 + 0%, (40)
One possible criterion is to minimize the objective function
J =[5, — W6£,]7Q[6y — Po£,] (41)

with respect to d£,. Minimizing Eq. (41) with respect to 5%,
yields

£ =22 +[¥7 Q! 9]CWTQ-! 5y (42)

Without much difficulty, it can be shown that

[H, ] R, 7]
Hi @y R, | O
Hy 0y > Ri_»
Y= , Q=
O
Hk—m+lq)k,k—m+l Rk-—m+1J
(43)

where @, ; represents the linear-state transition matrix from ¢ to
t,. Furthermore,

5z:k zk—h(f)k)A
5{/(‘1 zk—l_—h(IIk—l)
oy =10% _» = (G —2— P _>)
0%k _ 1 zkvm;l_h(ﬁk—m+l)

(44)

represents the sequence of innovations vectors for
{2elzi> Ze— 15 - -« +Zk —m 4.1}~ Because this innovations sequence
requires state-vector estimates at each of the measurements, a
knowledge of the system dynamics is necessary for state inte-
gration. Since we are interested in the state estimate at time £,
our smoothing process requires us to integrate backward all the
way to the time of the first measurement.

Because the ILSE algorithm is a nonrecursive estimator that
functions somewhat like an iterative curve-fitting algorithm, it

was desired to increase the order of the system dynamics model

of the ABE to the constant in jerk (acceleration rate) rather
than in acceleration. This increase in order was implemented to
boost the fidelity of this iterative algorithm for the same gen-
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eral reason that a higher-order polynomial is used to obtain a
better curve fit.

Since this least-squares algorithm allows for a state vector
but no control vector, the acceleration and jerk terms are ap-
pended to the state vector defined in Eq. (2) to yield

x=[FrT v7 uf jO7 (45)

Note that with this increase in order, six additional columns of
zeros must be appended to the measurement Jacobian matrix
defined by Eq. (27) and that the state-transition matrix in this
development is dimensioned 12 x 12 rather than 6 x 6.

The assumptions behind ILSE dynamics follows similarly to
those of the ABE as demonstrated in Eqs. (11-16), the prime
differences being an increase in order and the direction of prop-
agation (i.e., backward in time). This development is reiterated
for the benefit of the reader.

For a system defined by the composite vector of Eq. (45) that
is propagating at a constant velocity from time ¢, , to 7, we
note that

r(t,-)],, wjmo =Pt )+t )T (46a)
V(t)|umjmo="ti 1) (46b)
w(t)]y—jmo=ult; ) =[0 0 0O]F (46¢)

where
T=t—1t,, 47

Now propagating the same position, velocity, and acceleration
state vectors from time ¢, , to ¢; with the application of con-
stant jerk j, we have

P(1)]) = const = Mt 1) +¥(t; 4 )T +u(t; )T%/2+jr3/6 (48a)

V(1)) = const = (i 4 1) + u(t )T + %2 (48b)

(1) |; = const = U(t; 1) +J7 (48¢)
From this, we are able to conclude that

x(ti)lj:const = x(ti)lu —j=o0t+ Cop oty +A (49)

where
221, ©3/61,
1, 1221,
r.. = , A= 50
i+ 1 13 +1 1_13 ( )
0, L

If we extend Eq. (49) to the nonlinear case, our integration
formula may be stated as

t
filj=consz=fr+ l|u=_i:0+J Lxydt + Ty + AT
L+ (51)

(noting the direction of propagation). It is noteworthy that f{x)
is the same as that given in Eq. (3) with the addition of rows
7-12 (to accommodate the increase in order), each containing
Zeros.

As in the development of the ABE algorithm, the state-
transition matrix used in this development may be approxi-
mated with a truncated first-order Taylor series expansion.
During the course of our investigation, however, the use of the
Jacobian of f{x) in this approximation proved to be numeri-
cally burdensome in that many iterations were required for
convergence. We then chose the motion described by Egs. (48)
to determine the state-transition matrix. This surprisingly
yielded results identical to the method that employed  a
modified form of Egs. (19) and (20), but with fewer iterations.
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The discrete-time state-transition matrix based on Eq. (48) is

1001’00‘[2/20 0 3/6 0 0
100700 73/2 0 0 1:3/6 0
100c0 0 220 0 <%
100+ 0 0 72/2 0 0
100 T 0 0 32 0
O, = 10 0 T 0 0 73/2
1 0 0 T 0 0
1 0 0 T 0
1 0 0 T
O 1 0 0
1 0
- 1 -
(52)

Because of the linearization and modeling assumptions that
were made in this development, iteration on Eq. (42) is neces-
sary to yield the best solution. For convergence, each iteration
should yield a successively smaller value for §%,. In order to
determine if convergence has occurred, a chi-squared quantity
of the form

22 =02[%T Q' W5k, (53)

is compared against a suitable threshold such that when y? is
less than this threshold, iteration is terminated. Although this
test is adequate for a convergence test, it does nothing for
testing “goodness of fit.”” To account for any gross modeling
errors such as unmodeled staging, a stochastic detector is em-
ployed using another chi-squared quantity in the form

~

X?z Z [5£k—m+i]T[Rk—m+l]vlaék—m+i (54)

i=1

such that when 2 is greater than its appropriate threshold, the
ILSE is restarted, treating the mth measurement as the first in
the new sequence. :

Simulation Studies

Simulation Test Case

The test case employed for this sensitivity study is shown in
Fig. 1. The observation platform is fixed at the location 490 km
altitude, 3.0° latitude, and 0.5° longitude, whereas the acceler-
ating spacecraft is launched from 0° latitude, 0° longitude.
Sensor-acquisition is defined at 50s into the trajectory of
the target, at which time the adaptive algorithms begin estimat-
ing. Measurements are then obtained at the stated rates until
about 180 s after launch.

For the ABE, the covariance matrix ¥ was initialized to

3 2,222 22
X, =diag{o2,0%026202,62%}

6, = 1500 m, 6, =30m/s

and the initial state-vector estimate was initialized with the
foregoing statistics. The initial position estimate for the ILSE
was determined from the initial measurement, whereas the ve-
locity, acceleration, and jerk estimates were initialized to zero.
The measurement variances for both algorithms were

62, =02 =(50 urad)?

62=(15m)?

These conditions were used as the baseline for the entire study.

Results for Fifty Monte Carlo Trials

In Ref. 5, we presented results describing the performance of
the ABE algorithm. These results, in the form of a measure-
ment-update rate-sensitivity study, are recalled for the purpose

J. GUIDANCE

of demonstrating the performance characteristics of the ABE
algorithm. For a 3-s ABE window, frame times of 0.5, 1.0, and
1.5 s were chosen in an effort to gain a better understanding of
the sensitivity of the ABE algorithm to the measurement up-
date rate. Performance results for 50 Monte Carlo trials are
shown in Figs. 5-7. Root-mean-square (rms) position and
velocity-estimation errors are shown in Figs. 5 and 6, whereas
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Fig. 5 ABE rms position error.
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the mean of the acceleration estimate is shown in Fig. 7. Al-
though there is a noticeable “spike” in each of these error
histories around the staging time (about 50 s into track), the
algorithm demonstrates its robustness in that divergence does
not occur. Consistent with intuition, shorter frame times
yielded lower estimation errors (due to the increased number of
measurements in the ABE window). This influence is less dra-
matic with the rms position etror as depicted in Fig. 5. This is
reasonable in light of the fact that the position errors are pri-
marily due to the measurement accuracy of the tracking sensor.
Thus, in Fig. 5 the position errors are relatively insensitive to

frame time. However, frame time becomes an important -

parameter as derivatives (velocity and acceleration) of the mea-
sured quantities (positions) are formed. These derivatives are
estimated as first and second differences with the frame time
providing the time scale for the differencing. As expected, Figs.
6 and 7 show that the estimator performance is strongly depen-
dent on frame time.

Often, it is important to predict the estimate of the state after
the end of track (EOT). In this event, it is necessary to have
sufficiently low-velocity errors at the EOT condition because
even small velocity errors here will likely induce large position
errors at the prediction point. In evaluating ABE performance
at this condition, there are three time scales of interest: the time
interval between measurements; the time interval over which
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batch estimates are averaged; and the total track time (or
equivalently the total number of measurements). Figure 8 sum-
marizes the results of a study of the sensitivity of the system to
both frame time and three different window sizes (3, 6, and
12s).- As depicted in this diagram, there is an equivalence in
performance between shorter frame times with smaller batch
windows and longer frame times with larger batch windows.
Thus, if one uses smaller batch windows, more measurements
(or shorter frame times) are required to obtain a given perfor-
mance than would be if a larger window size were employed.

In order to demonstrate a comparison of the robustness of
the algorithms presented in this paper, 50 Monte Carlo trials
were performed and rms statistics are presented. In Figs. 9-11,
the ABE performance is compared to that of the ILSE. For the
ABE, the size of the ABE window was fixed at 12 s (five obser-
vations with a‘frame time of 3 s). Notice that vehicle staging
occurs around 100 s after launch (50 s of track time), resulting
in a first-order discontinuity in acceleration. This “jump” can
be seen to coincide with the peak ABE error.

To illustrate the robustness of the ILSE algorithm, we chose
to perform our comparison tests both with and without the
stochastic detector implemented. In both cases, the frame time
was the same as that of the ABE: 3 s. The ILSE without the
stochastic detector shows an increase in error around 100 s
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after launch (50s of track time) and, at about 150 s after
launch (100 s of track time), diverges. Additional simulation
results confirm the ILSE divergence lagging the acceleration
jump by approximately 40-50 s.

It appears as though the ILSE algorithm without the
stochastic detector tries to recover after the initial divergence
due to the unmodeled staging. This accounts for the large
“hump” noticed in the estimation histories. Because of the
nonrecursive nature of the ILSE algorithm, however, total di-
vergence eventually occurs. The unusual appearing divergence
occurs after the humps in Figs. 9-11 due to the fact that rms
error does not reflect direction. The inverted spike appearing in
thése same graphs just prior to total divergence is due to a
change in sign in the position, velocity, and acceleration errors.

With the use of the stochastic detector, however, the ILSE
algorithm is able to detect the divergence early enough in the
engagement to be able to restart. Upon restarting, the ILSE
algorithm converges once again to values even lower than those
of the ABE.

In all three performance plots (Figs. 9-11) the ILSE (aug-
mented with the stochastic detector) achieved significantly
lower estimation errors than the ABE. Although both demon-
strate approximately equal robustness, the differences in esti-
mation performance are due to the following reasons: The
higher-order model of the system dynamics in the ILSE added
fidelity; the window size of the ILSE grows, whereas that of the
ABE remains fixed; and the measurement information in the
ABE is used only once in the update process, whereas for the
ILSE each measurement is used numerous times, thus compen-
sating for the linearization assumptions in the algorithm de-
sign. This increase in performance of the ILSE over the ABE is
not without cost, however. As with any comparison betwéen
recursive and iterative algorithms, the computational burden
of the iterative scheme is significantly greater due to the fact
that it begins from scratch with each new measurement.

Conclusions

The simulation results demonstrate the feasibility of using
either the adaptive batch estimator (ABE) or the iterative least-
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squares estimator (ILSE) for the robust tracking of an acceler-
ating spacecraft during its ascent phase. Both algorithms were
able to successfully track the vehicle in this inherently nonlin-
ear environment. Even in the event of target staging, both the
ABE and ILSE algorithms were able to continue tracking,
although the ILSE required a stochastic detector for restarting.
Because the ILSE used a higher-order system dynamics model
than the ABE and because of the fact that the iteration on the
measurements was able to compensate for some of the lin-
earization assumptions, the ILSE achieved lower estimation
errors than the ABE.
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